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Introduction An Implementation of Qubit pair
Two-level atom and mode of quantum field
Atom: |0, 1〉, σ3, σ±
Field: {|n) ; n = 0, . . . ,∞}, aˆ, aˆ+, nˆ = aˆ+aˆ
Composite system: {|k, n〉〉 = |n)⊗ |k〉 ; k = 0, 1; n = 0, . . . ,∞}
Dynamics
Hˆ =
~ω
2
σ3 + ~ωaˆ
+aˆ + i~ξ
(
aˆ+σ+ − aˆσ−
)
|φ (t)〉〉 =
∞∑
n=0
|n)⊗ (φ0,n (t) |0〉+ φ1,n (t) |1〉)
|φ (t)〉〉 = cos θ (t) |ψ0 (t))⊗ |0〉 + sin θ (t) |ψ1 (t))⊗ |1〉
φ0,n (t) = cos θ (t)ψ0,n (t) = φinit:0,n cosωn−1t − iφinit:1,n−1 sinωn−1t
φ1,n (t) = sin θ (t)ψ1,n (t) = −iφinit:0,n+1 sinωnt + φinit:1,n cosωnt
Second qubit: |ψ0 (t)) , |ψ1 (t)), sˆ+ = |ψ1 (t)) (ψ0 (t)|
A state of field, like a state of a qubit, in the case of exactly determined instant of termination of
field-atom interaction, belongs to two-dimensional space.
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Introduction Complexity of Measurement
Definition and Properties
2013 Journal of Physics: Conference Series V 442 012061
Complexity of Measurement is characterized by the number of events of measurements M (ǫ),
enough to come to given accuracy σX ≤ ǫ:
CM (ǫ) = log2 M (ǫ) . (1)
Joint measurement or correlated parts of system
CM (O1&O2; ǫ) = CM (O1; ǫ) + CM (O2; ǫ)
Successive measurement or incompatible observables
CM (O1,O2; ǫ) = log2
(
2CM (O1;ǫ) + 2CM (O2;ǫ)
)
Measurement of N incompatible observables with equal complexities
∀nCM (On; ǫ) = CM (O; ǫ) 7→ CM (O1, . . . ,ON ; ǫ) = log2 N + CM (O; ǫ)
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Introduction Complexity of Measurement
Determination
dimH = 2
Practical formula for evaluation of complexity of measurement of probability p with error s:
Cp (p, s) = log2 (p (1− p))− 2 log2 s. (2)
The first term of this sum characterizes contribution from the measured value. Maximal value of
this term is achieved at p = 1/2 and exactly compensates the second term in the case of maximal
possible error s = 1/2.
dimH = N
Practical formula for evaluation of the complexity of measurement of N-dimensional probability
distribution with error s:
− log2 N − 2 log2 s ≤ CN (s) ≤ −4− 2 log2 s. (3)
The infimum corresponds to uniform probability distribution (p = 1/N), the supremum
corresponds to the maximal value of complexity of series of measurements (pmax = 1/2).
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Introduction Measurement of a State
Description of State
Basis
|1〉〉 = cos θ |0)⊗ |0〉 − sin θ |1)⊗ |1〉
|2〉〉 = sin θ |0)⊗ |0〉+ cos θ |1)⊗ |1〉
|3〉〉 = cos ϑ |1)⊗ |0〉 − sinϑ |0)⊗ |1〉
|4〉〉 = sinϑ |1)⊗ |0〉 + cos ϑ |0)⊗ |1〉
Density matrix
ρˆ =
4∑
k,k′=1
ρk,k′
∣∣ k′〉〉 〈〈k | = 2∑
a,a′,f ,f ′=1
ρa,f ;a′,f ′
∣∣a′〉 〈a| ⊗ ∣∣b′) (b|
ρˆ =


p1 ρ1,2 ρ1,3 ρ1,4
ρ∗
1,2
p2 ρ2,3 ρ2,4
ρ∗
1,3
ρ∗
2,3
p3 ρ3,4
ρ∗
1,4
ρ∗
2,4
ρ∗
3,4
p4

 p1 + p2 + p3 + p4 = 1
By the results of measurements it is needed to determine:
If the eigen-basis of the system is known, 3 independent values;
If the eigen-bases of the sub-systems are known, 5 independent values;
In general case, 9 independent values
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Introduction Measurement of a State
System and Local Observables
Measurement of state of a qubit pair can be realized by means of measurement of local
observables only.
Atom observables
σ1 = |1〉 〈0|+ |0〉 〈1| , σ2 = −i |1〉 〈0|+ i |0〉 〈1|
σ3 = − |0〉 〈0|+ |1〉 〈1| , Iˆσ = |0〉 〈0|+ |1〉 〈1|
Mode observables
s1 = |ψ⊥) (ψ0|+ |ψ0) (ψ⊥| , s2 = −i |ψ⊥) (ψ0|+ i |ψ0) (ψ⊥|
s3 = − |ψ0) (ψ0|+ |ψ⊥) (ψ⊥| , Iˆs = |ψ0) (ψ0|+ |ψ⊥) (ψ⊥|
Observables of composite system
Osystem=L (Oσ ⊗Os )
Iˆσ ⊗ Iˆs Iˆσ ⊗ s1 Iˆσ ⊗ s2 Iˆσ ⊗ s3
σ1 ⊗ Iˆs σ1 ⊗ s1 σ1 ⊗ s2 σ1 ⊗ s3
σ2 ⊗ Iˆs σ2 ⊗ s1 σ2 ⊗ s2 σ2 ⊗ s3
σ3 ⊗ Iˆs σ3 ⊗ s1 σ3 ⊗ s2 σ3 ⊗ s3
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Introduction Measurement of a State
Measured values
Eigen-basis and Eigenvalues
Oˆ |k〉 = Ok |k〉
∣∣∣Oˆ 7→ F (Oˆ)∃F : F (Ok ) = k∣∣∣ Oˆ = N∑
k=1
k |k〉 〈k|
Measurement of all the moments of an observable is equivalent to the measurement of probability
distribution
Pˆk = |k〉 〈k| ;
{〈
Oˆn
〉
=
N∑
k=1
Onk pk , n = 1 . . .N − 1
}
≡
{〈
Pˆk
〉
= pk , k = 1 . . .N − 1
}
Mathematical model of a detector - a non-degenerate observable, or an equivalent set of counters:
Oˆ =
N∑
k=1
k |k〉 〈k| ≡
{
Pˆk = |k〉 〈k| , k = 1, . . . ,N
}
Result of measurement - a set of probabilities {pk = 〈k |ρˆ| k〉 , k = 1, . . . ,N}, equal to diagonal
elements of density matrix pk = ρk,k .
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Introduction Measurement of a State
Incompatibility
Non-diagonal components of density matrix can not be measured.
[σxσy ] 6= 0 Non-commuting observables correspond to different detectors, as a result of
measurement there is a set of elements of density matrix diagonal in some other basis.
Measurement with a large enough set of detectors produces a set of results enough for calculation
of all the components of density matrix.
Minimal Set of Observables
The minimal set consists of N + 1 observables. i.e. 3 observables for qubit, 5 observables for a
qubit pair.
Let Na is dimension of the first subsystem and Nf – of the second one. The number of possible
pairs of needed observables (Na + 1) (Nf + 1) exceeds the needed number of observables of a
composite system NaNf + 1.
(Na + Nf ) pairs of local observables can be excluded from the process of measurement.
In the case of a pair of qubits measurement of only 5 of 9 pairs of observables is enough.
2011 Optics and Spectroscopy 111 678
What pairs of local observables for the first and the second qubits are to be measured?
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Introduction Measurement of a State
Measurement of Qubit States
Qubit: Oˆ = O0 |0〉 〈0|+ O1 |1〉 〈1| ≡
{
Pˆ0 = |0〉 〈0| , Pˆ1 = |1〉 〈1|
}
. Measurement of each of
observables determines one value only.
An arbitrary density matrix is given by a linear combination of Pauli matrices
ρˆ =
1
2
Iˆ +
∆p
2
σˆ3 +
d ′
2
σˆ1 +
d ′′
2
σˆ2
The problem on reconstruction of a state is solved by the results of a series of measurements for 3
incompatible observables
∆p = Tr (σˆ3ρˆ) , d
′ = Tr (σˆ1ρˆ) , d ′′ = Tr (σˆ2ρˆ)
Complexity of Measurement
C2 (ǫ) = log2
(
3−∆p2 − d ′2 − d ′′2)− 2 log2 s
1− 2 log2 s ≤ C2 (ǫ) ≤ log2 3− 2 log2 s
The infimum corresponds to pure state, the supremum corresponds to uniform probability
distribution.
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Introduction Measurement of a State
Measurement of Ququart States
Pair of Qubits:
A non-degenerate observable Oˆ =
4∑
k=1
Ok |k〉 〈k| ≡
{
Pˆk = |k〉 〈k| , k = 1, 2, 3, 4
}
.
Measurement produces 3 independent values p1 + p2 + p3 + p4 = 1
A density matrix contains 15 independent values, so measurement of 5 non-degenerate
observables is needed.
Typically
Jˆ+ =
√
3 |2〉 〈1|+ 2 |3〉 〈2|+ 3 |4〉 〈3| , Jˆ− =
√
3 |1〉 〈2|+ 2 |2〉 〈3|+
√
3 |3〉 〈4|
Jˆ0 = −3
2
|1〉 〈1| − 1
2
|2〉 〈2|+ 1
2
|3〉 〈3|+ 3
2
|4〉 〈4|
Jˆk = e
−ipi
2 (k−1) Jˆ+ + e
ipi
2 (k−1)Jˆ−, k = 1, 2, 3, 4
Complexity of Measurement:
log
2
5
4
+ log
2
3
4
− 2 log
2
s ≤ C4 (s) ≤ log2
5
4
− 2 log
2
s.
Error that does not exceed 0.1 can be obtained in 5 series of measurements, from 19 to 25 events
of measurement each.
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Introduction Measurement of a State
Composite states
|ψ〉 represents the subsystem A(tom), |α) represents the subsystem F(ield), |Ψ〉〉 represents the
S(ystem).
State of System, representation in the basis of eigenvectors:
ρˆ =
4∑
n=1
pm |m〉〉 〈〈m | (4)
Schmidt decompositions of eigenvectors of density matrix:
|1〉〉 ≡ |Cat : 0〉〉 = cos θc |0〉 ⊗ |0) + sin θc |1〉 ⊗ |1) ,
|2〉〉 ≡ |Cat : 1〉〉 = − sin θc |0〉 ⊗ |0) + cos θc |1〉 ⊗ |1) ;
|3〉〉 ≡ |EPR : 0〉〉 = cos θe |0〉 ⊗ |1) + sin θe |1〉 ⊗ |0) ,
|4〉〉 ≡ |EPR : 1〉〉 = − sin θe |0〉 ⊗ |1) + cos θe |1〉 ⊗ |0) .
(5)
Phase factors of all the coefficients are removed by special selection of phase factors of the basis
vectors of subsystems.
Density matrices of subsystems are diagonal:
ρˆa = pa:0 |0〉 〈0|+ pa:1 |1〉 〈1| ,
ρˆf = pf :0 |0) (0|+ pf :1 |1) (1| , (6)
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Introduction Measurement of a State
Joint Probabilities of Local Observables:
Solvable system of equations for parameters of density matrix p1, p2, p3, p4, θc , θe .
Only the values of probabilities with non-trivial correlation are given :
σ3 & sˆ3
p
{33}
0,0
= p1+p2
2
+ p1−p2
2
cos 2θc , p
{33}
1,1
= p1+p2
2
− p1−p2
2
cos 2θc ,
p
{33}
0,1
= p3+p4
2
+ p3−p4
2
cos 2θe , p
{33}
1,0
= p3+p4
2
− p3−p4
2
cos 2θe .
(7)
σ1 & sˆ1
p
{11}
00
= p
{11}
11
= 1
4
+ p1−p2
4
sin 2θc +
p3−p4
4
sin 2θe ,
p
{11}
0,1
= p
{11}
1,0
= 1
4
− p1−p2
4
sin 2θc − p3−p4
4
sin 2θe ,
(8)
σ2 & sˆ2
p
{22}
00
= p
{22}
11
= 1
4
− p1−p2
4
sin 2θc +
p3−p4
4
sin 2θe ,
p
{22}
01
= p
{22}
10
= 1
4
+ p1−p2
4
sin 2θc − p3−p4
4
sin 2θe ,
(9)
Previous knowledge on optimal set of local bases makes it possible to decrease the number of the
pairs of observables to be measured to 3.
Complexity of measurement:
C4 (s) = log2 3− 2− 2 log2 s.
Error that does not exceed 0.1 can be obtained in 3 series of measurements, 25 events of
measurement each.
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Process of Measurement Events and Sequences
Sequence of Events of Measurement
At measurement of an observable statistical character of observables of quantum physics makes
need in large enough series of events of measurement.
Preparator
performs selection of a pure state |ψn〉 ∈ [|ψ1〉 , . . . . |ψN〉].
Result:
S = {|ψn1 〉 , . . . , ∣∣ψnk 〉 , . . . , |ψnK 〉} ≡ S = {n1, . . . , nk , . . . , nK}
Registrator
performs selection of the detector Oˆ ∈
{
Oˆ{d}, d = 0, . . . ,N
}
.
The result is in a sequence of pairs [detector number d, measured value m]:
R = {[d1,m1] , . . . , [dk ,mk ] , . . . , [dK ,mK ]}
The result of measurements with a specific detector number ds – a subsequence in which only the
events of measurement with that detector are present.
Rs = {[dk = ds ,mk ]}
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Process of Measurement Events and Sequences
Types of Processes of Measurement I
Sequence of prepared states produces the density matrix of Source ρˆS
ρˆS =
1
K
K∑
k=1
|nk 〉 〈nk | =
N∑
n=1
Kn
K
|n〉 〈n|
Analysis
Preparator and Registrator realize independent series of measurement for each state and each
device in coordination. Sequences of states measured by d-th detector produce density matrices
of measured states ρˆ
{d}
M

ρˆ{d}M = 1Kd
K
d∑
k=1
∣∣nk|d 〉 〈nk|d ∣∣ = N∑
n=1
Kn|d
Kd
|n〉 〈n| , d = 0, . . . ,N


Those density matrices are same only in the case if Preparator provides same repetition
frequencies
Kn|d
K
d
for each series.
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Process of Measurement Events and Sequences
Types of Processes of Measurement II
Data transfer
Registrator uses a detector that performs non-demolition measurements. The sequence of results
exactly repeats the initial R = S. The density matrix is characterized by repetition frequencies.
ρˆ =
N∑
n=1
Kn
K
|n〉 〈n| 7→ MI =
K !
K1! . . .KN !
One density matrix corresponds to MI different sequences.
Control of accuracy is performed by outside methods.
Eavesdropping
Difference between the density matrices of measured states ρˆ
{d}
M
and the density matrix of the
Source ρˆS can not be determined without coordination of choice between Preparator and
Registrator.
Assumption that one of the detectors performs non-demolition measurements resulting in a copy
of sequence prepared by the Source can be approved only by specific properties of the sequence
received.
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Process of Measurement Local Observables
Qubit measurement
The measurement of 3 observables σ1, σ2, σ3 is performed in three separate series. Density
matrices of prepared states are same if Preparator’s and Registrator’s actions are coordinated.
Differences of the readings of the counters K1−K0
K
give an unbiased estimate of the parameters of
state∆p, d ′, d ′, and
ρˆ = p0 |0〉 〈0|+ p1 |1〉 〈1|
If the measured values differ from zero more than by the value of the error depending on the
length of the series, one can calculate the eigenvectors |0〉, |1〉 of density matrix that determine
the pure states prepared by the Source.
Preparator can exclude possibility of calculation of eigenvectors of density matrix by preparation
of sequences with same numbers of states |0〉 〈0| and |1〉 〈1|. If in the sequence with length K
difference between the numbers of states 0 and 1 is less than uncertainty 1
2
√
K
, difference of the
sequences of the results of measurements for each of observables from equidistributed ones is
within the error, and it is not possible to calculate the space basis used by the Source.
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Process of Measurement System Observables
Measurement of a Qubit pair I
Local observables
Let us choose three incompatible observables of an atom, let as an example those are the
observable of the state number and two components of dipole moment represented by matrices
OˆA ∈ {σ3, σ1, σ2}
In same way we choose three observables of the field with restriction of definition domain of those
by means of projector Pf = |ψ0) (ψ0|+ |ψ⊥) (ψ⊥| to two-dimensional state space of the field
mode entangled with the atom.
Those can be observables represented by Pauli matrices:
sˆ1 = |ψ0) (ψ⊥|+ |ψ⊥) (ψ0| ,
sˆ2 = −i |ψ0) (ψ⊥|+ i |ψ⊥) (ψ0| ,
sˆ3 = |ψ⊥) (ψ⊥| − |ψ0) (ψ0| .
(10)
System observables
Then in arbitrary way we form three pairs of observables
Ox ∈ {[σx , sx ] , x = 1, 2, 3}
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Process of Measurement Set of Series
Measurement of Qubit pair II
Three series of measurements for pairs of observables make it possible to obtain the values of
three joint probability distributions :
{R1,R2,R3} 7→
{
p
{x}
ba,bf
, x = 1, 2, 3; ba, bf = 0, 1
}
Those probability distributions provide calculation of reduced density matrices of the atom and
the field:
ρa =
1
2
+
1
2
3∑
x=1
〈σx 〉σx , ρf =
1
2
+
1
2
3∑
x=1
〈sx 〉 sx .
By three-dimensional rotations
σ˜x = U
y
x (〈σx〉)σy , s˜x = Uyx (〈sx 〉) sy ,
corresponding to turn of orts ǫ3 and e3 in directions of the vectors 〈σx 〉 and 〈sx 〉 local observables
are separated to non-demolition σ˜3, s˜3 and over-classical σ˜1,2, s˜1,2 ones.
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Process of Measurement Set of Series
Measurement of Qubit pair III
Two additional series of measurements of joint probability distributions for two cross pairs of
over-classical observables σ˜1s˜2 and σ˜2s˜1 make it possible to calculate all the components of the
matrix of covariance of over-classical observables
Va,b = 〈σ˜a s˜b〉 − 〈σ˜a〉 〈s˜b〉
Diagonalization of this matrix is accompanied by transformation of local bases to the form where
Schmidt decomposition for the eigenvectors of density matrix of a composite state is canonical,
and the system of equations that make it possible to determine all the parameters of density
matrix of a composite state is reduced to the one considered above.
Thus, complete reconstruction of a state of a composite system comprising a two-level atom and
one mode of electromagnetic quantum field can be performed in result of measurement of 5
incompatible pairs of local observables.
Complexity of Measurement
log2
5
4
+ log2
3
4
− 2 log2 s ≤ C4 (s) ≤ log2
5
4
− 2 log2 s.
Error that does not exceed 0.1 can be obtained in 5 series of measurements, from 19 to 25 events
of measurement each.
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Conclusions
Types of Measurement Tasks
Analysis of the process of accumulation of the results of measurements shows that the success of
this process substantially depends on the possibility of coordination of actions of two participants
of the process - Preparator who prepares the series of the states being measured and Registrator
who chooses in each event of measurement one of incompatible observables.
In the problems on information transfer or transformation, coordination of the source and the
receiver makes it possible to get unambiguous reconstruction of states by one measurement
(non-demolition measurements).
In the problems of research character or adjustment of equipment with coordination of the
sequence of the prepared states and the sequence of the measured (incompatible) observables,
even at use of entangled states, it is possible to decrease the needed number of the measurement
events to the theoretical minimum. For a pair of qubits the minimal needed number is the
measurement of 5 pairs of incompatible observables, for N gubits – 2N + 1 observables.
The problems of information protection against interception differ by absence of coordination of
actions of preparator and registrator, this substantially complicates the registrator’s problem. It is
shown that by an appropriate selection of coding sequences it is possible to achieve insolubility of
the problem of reconstruction of the coding state set and as a result insolubility of the problem of
intercept.
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Conclusions
Complexity of Measurement
A new value, the complexity of measurement of a state, is used, this characterizes the number of
the measurement events needed for solution of the reconstruction problem.
By the example of a pair of quibits formed by a two-level atom and a quantum mode coupled with
the atom it is shown that measurement of 5 incompatible pairs of local observables is enough for
reconstruction of an arbitrary state, and availability of prior information on the states that are
used makes it possible to limit the measurement with 3 incompatible pairs of local observables.
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Conclusions
Thank You for attention
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